Abstract. A map f : X → Y between topological spaces is called weakly discontinuous if each subspace A ⊂ X contains an open dense subspace U ⊂ A such that the restriction f |U is continuous. A bijective map f : X → Y between topological spaces is called a weak homeomorphism if f and f −1 are weakly discontinuous. We study properties of topological spaces preserved by weakly discontinuous maps and weak homeomorphisms. In particular, we show that weak homeomorphisms preserve network weight, hereditary Lindelöf number, dimension. Also we classify infinite zero-dimensional σ-Polish metrizable spaces up to a weak homeomorphism and prove that any such space X is weakly homeomorphic to one of 9 spaces:
Introduction
In this paper we detect topological properties preserved by weakly discontinuous maps and weak homeomorphisms.
By definition, a map f : X → Y between topological spaces is weakly discontinuous if each subspace A ⊂ X contains an open dense subspace U ⊂ A such that the restriction f |U is continuous. Such maps were introduced by Vinokurov [30] and studied in details in [4, 5, 6, 7, 8, 11, 12, 13, 14, 22, 23] . Also they appear naturally in Analysis, see [9, 16, 19] .
A bijective map f : X → Y between topological spaces is called a weak homeomorphism if f and f −1 are weakly discontinuous. In this case we say that the topological spaces X, Y are weakly homeomorphic. In particular, we show that if X, Y are weakly homeomorphic perfectly paracompact spaces, then (1) nw(X) = nw(Y ); (2) hd(X) = hd(Y ); (3) dim X = dim Y ; (4) X is hereditarily Baire iff so is the space Y ; (5) X is analytic iff so is the space Y ; (6) X is σ-compact iff so is the space Y ; (7) X is σ-Polish iff so is the space Y . A topological space X is called σ-Polish if it can be written as the countable union X = n∈ω X n of closed Polish subspaces.
In Sections 2-4 we detect local and global properties of topological spaces, preserved by weakly discontinuous maps and weak homeomorphisms. In Section 5 we classify zero-dimensional σ-Polish spaces up to weak homeomorphism and prove that each infinite zero-dimensional σ-Polish metrizable space X is weakly homeomorphic to one of 9 spaces: ω, 2 ω , N ω , Q, Q ⊕ 2 ω , Q × 2 ω , Q ⊕ N ω , (Q × 2 ω ) ⊕ N ω , Q × N ω .
1.1. Terminology and notations. Our terminology and notation are standard and follow [3] and [18] . A "space" always means a "topological space". Maps between topological spaces are not necessarily continuous.
By R and Q we denote the spaces of real and rational numbers, respectively; ω stands for the space of finite ordinals (= non-negative integers) endowed with the discrete topology. The set ω \ {0} of finite positive ordinals (= natural numbers) is denoted by N. We shall identify cardinals with the smallest ordinals of the given cardinality.
For a subset A of a space X byĀ we denote the closure of A in X. For a function f : X → Y between topological spaces by C(f ) and D(f ) = X \ C(f ) we denote the sets of continuity and discontinuity points of f , respectively. Now we recall definitions of some cardinal invariants of topological spaces. For a topological space X
• its network weight nw(X) is the smallest size |N | of a family N of subsets of X such that for each point x ∈ X and each neighborhood U ⊂ X of x there is a set N ∈ N such that x ∈ N ⊂ U ; • its hereditary Lindelöf number hl(X) is the smallest cardinal κ such that each open cover of a subspace Y ⊂ X has a subcover of cardinality ≤ κ; • its hereditary density hd(X) is the smallest cardinal κ such that each subspace Y ⊂ X contains a dense subset of cardinality ≤ κ.
Topological properties, preserved by weakly discontinuous maps
In this section we discuss weakly discontinuous maps and detect topological properties preserved by such maps. We recall that a function f : X → Y between topological spaces is weakly discontinuous if any subset A ⊂ X contains an open dense subset U ⊂ A such that the restriction f |U is continuous. Observe that a function f : X → Y is weakly discontinuous if and only if every non-empty subset A ⊂ X contains a non-empty relatively open subset V ⊂ A such that the restriction f |V is continuous. This simple characterization implies the following useful (and known) fact.
Lemma 2.1. For two weakly discontinuous functions f : X → Y and g : Y → Z between topological spaces X, Y, Z the composition g • f : X → Z is weakly discontinuous.
Proof. Given any non-empty subset A ⊂ X use the weak discontinuity of f and find a nonempty relatively open subset U ⊂ A such that f |U is continuous. Next, consider the non-empty set B = f (U ) and using the weak discontinuity of the function g, find a non-empty open set V ⊂ B such that f |V is continuous. The continuity of the function f |U implies that the set
Given a function f : X → Y between topological spaces and a subset A ⊂ X, let D(f |A) be the set of discontinuity points of the restriction f |A andD(f |A) be the closure of D(f |A) in X. If f is weakly discontinuous, then for any non-empty closed subset A ⊂ X the sets D(f |A) and D(f |A) are nowhere dense in A.
PutD 0 (f ) = X and for every ordinal α > 0 consider the closed subset
of X. The smallest ordinal α such thatD α+1 (f ) =D α (f ) is called the index of weak discontinuity of f and denoted by wd(f ). Since D α (f ) α<wd(f ) is a strictly decreasing transfinite sequence of closed sets in X, its length wd(f ) cannot exceed hl(X) + , the successor cardinal of the hereditary Lindelöf number hl(X) of X (i.e., wd(f ) < hl(X) + ). It follows from the definition that a function f : X → Y is weakly discontinuous if and only ifD wd(f ) (f ) = ∅. In this case X = α<wd(f )D α (f ) \D α+1 (f ) and f can be written as the compositionf • i of the identity function
and the continuous functionf :
Here by α<wd(f )D α+1 (f ) \D α (f ) we denote the union X = α<wd(f )D α+1 (f ) \D α (f ) endowed with the topology of the topological sum of the family D α+1 (f ) \D α (f ) α<wd(f ) . This topology consists of all subsets U ⊂ X such that for every ordinal α < wd(f ) the intersection
The following lemma implies that the function i is weakly discontinuous. Lemma 2.2. Let λ be a non-zero ordinal and (F α ) α≤λ be a transfinite sequence of closed subsets of a topological space X such that F 0 = X, F λ = ∅, F α+1 ⊂ F α for any α < λ and F α = β<α F β for any limit ordinal α ≤ λ. Then the identity map
is weakly discontinuous.
Proof. Given a non-empty subset A ⊂ X we need to find a non-empty open set U ⊂ A such that the restriction i|U is continuous. Let β be the smallest ordinal such that A ⊂ F β . By the minimality of β, the relatively open subset U = A \ F β+1 of A is not empty. Then the restriction
is continuous.
For a function f : X → Y between topological spaces, its closed decomposition number dec(f ) is defined as the smallest cardinality |C| of a cover C of X by closed or finite subsets such that f |C is continuous for each C ∈ C. Observe that a function f : X → Y is continuous iff dec(f ) = 1. Now we are going to give some upper bounds on the closed decomposition number dec(f ) of a weakly discontinuous function f .
For a topological space X the large pseudocharacter Ψ(X) is equal to the smallest cardinal κ such that each open set U ⊂ X can be written as the union U = F of a family F consisting ≤ κ many closed or finite subsets of X. It is easy to see that the large pseudocharacter Ψ(X) of a regular space X does not exceed its hereditary Lindelöf number (i.e., Ψ(X) ≤ hl(X)).
The following upper bound for the closed decomposition number of a weakly discontinuous map was given in Proposition 5.3 and Theorem 5.4 of [5] . Proposition 2.3. If f : X → Y is a weakly discontinuous map between topological spaces, then dec(f ) ≤ |wd(f )| · Ψ(X). If the space X is regular, then |wd(f )| · Ψ(X) ≤ hl(X). If the space X is paracompact, then dec(f ) ≤ Ψ(X). If the space X is perfectly paracompact, then dec(f ) ≤ ω.
We recall that a topological space X is perfectly paracompact if X is paracompact and each open subset of X is of type F σ . Now we detect some topological properties preserved by weakly discontinuous maps. In the sequel we shall identify a topological property with the class of topological spaces having that property.
Let κ be a cardinal. We shall say that a property P of topological spaces is
• topological if for any homeomorphic spaces X, Y the space X has property P if and only if Y has that property; • closed-hereditary if for any space X with property P every closed or finite subspace Y of X has property P; • open-hereditary if for any space X with property P every open subspace Y of X has property P; • projective if for any continuous surjective map f : X → Y from a space X with property P the image Y = f (X) has property P; • κ-additive if a space X has property P whenever X has a cover by ≤ κ many closed subspaces with property P; • κ-summable if for any family C of spaces with property P and |C| ≤ κ the topological sum ⊕C of C has property P.
Proposition 2.4. Let f : X → Y be a surjective weakly discontinuous map between topological spaces. If X has some dec(f )-summable closed-hereditary projective property P, then the space Y = f (X) has that property, too.
Proof. By the definition of the cardinal dec(f ), we can find a cover C of X by closed or finite subsets such that |C| = dec(f ) and f |C is continuous for every C. Consider the topological sum ⊕C = C∈C {C} × C of the family C. Taking into account that the property P is closedhereditary and |C|-summable, we conclude that the topological sum ⊕C has property P. Consider the surjective continuous mapf : ⊕C → Y defined byf (C, x) = f (x) for any C ∈ C and x ∈ C. Then the space Y belongs to P, being a continuous image of the space ⊕C possessing the projective property P. Proof. Consider the decreasing transfinite sequence (D α (f )) α<wd(f ) of closed sets in X and observe that for every α < wd(f ) the restriction f |D α (f ) \D α+1 (f ) is continuous. Moreover, the closed and open heredity of the property P guarantees that the spaceD α (f ) \D α+1 (f ) has property P. By the |wd(f )|-summability of P, the topological sum
has property P. Then Y has property P, being a continuous image of the space X ⊕ having the projective property P.
Applying Propositions 2.3 and 2.4 to ω-summable projective properties, we get Corollary 2.6. Let f : X → Y be a surjective weakly discontinuous map from a perfectly paracompact space X onto a topological space Y . If the space X has an ω-summable closedhereditary projective property P, then Y has that property, too.
Applying Proposition 2.5 to the class of hereditarily Lindelöf σ-compact spaces, we get Corollary 2.7. Let f : X → Y be a weakly discontinuous surjective map from a Hausdorff topological space X to a topological space Y . If the space X is hereditarily Lindelöf and σ-compact, then so is the space Y .
Another corollary of Proposition 2.5 concerns analytic spaces. A topological space X is called analytic if X is a continuous image of a Polish (= separable completely metrizable) space. Applying Proposition 2.5 to the class of analytic spaces we get Corollary 2.8. A topological space X is analytic if and only if it is the image of a Polish space P under a weakly discontinuous map f : P → X. Now we detect some cardinal functions that respect weakly discontinuous maps. We define a cardinal function ϕ on a class T of topological spaces to be
• topologically invariant if ϕ(X) = ϕ(Y ) for any homeomorphic spaces X, Y ∈ T ;
• closed-hereditary if every closed or finite subspace Y of any space X ∈ T belongs to T and
for any space X ∈ T and a cover C ⊂ T of X by closed or finite subsets; 
Proof. Apply Proposition 2.4 (and 2.5) to the projective property P of a topological space Z to have ϕ(Z) ≤ dec(f ) · ϕ(X) (and ϕ(Z) ≤ wd(f ) · ϕ(X)). Proof. Let ϕ be a global summable closed-hereditary cardinal function on the class of regular spaces. To prove the "if" part, assume that ϕ is projective and ϕ ≥ hl. Given a surjective weakly discontinuous map f : X → Y between regular spaces, we can apply Propositions 2.9 and 2.3 to conclude that
which means that ϕ is wd-projective.
To prove the "only if" part, assume that ϕ is wd-projective. Then it is projective (because each continuous map is weakly discontinuous). It remains to prove that ϕ ≥ hl. Assuming the converse, find a regular space X with ϕ(X) < hl(X). By [21, 2.9] , hl(X) = sup{|Z| : Z ⊂ X is scattered}. So, we can find a scattered subspace Z ⊂ X of cardinality |Z| > ϕ(X). Fix a bijective map f : Z → D of Z onto a discrete space D and consider the topological sum Y = (X \ Z) ⊕ D. Consider the bijective mapf : X → Y which is identity on X \ Z and coincides with f on Z. We claim that f is weakly discontinuous. Given any non-empty subspace A ⊂ X we should find a non-empty open set U ⊂ A such thatf |U is continuous. Consider the scattered subspace C = Z ∩ A of A. If C is not dense in A, then the relatively open set U = A \C is a required open set such that the mapf |U is continuous. If C is dense in A, then we can find an isolated point x of the scattered space C and choose an open subset U ⊂ A of A such that U ∩ C = {x}.
The density of C in A implies that {x} = U ∩ C is dense in U and by the regularity, {x} = U . Then U = {x} is open in A and the restrictionf |U is trivially continuous.
Therefore the mapf : X → Y is weakly discontinuous. The wd-projectivity of ϕ implies that ϕ(Y ) ≤ ϕ(X) < |Z|. Taking into account that Y = (X \ Z) ⊕ D and ϕ is closed-hereditary and global, we arrive to a contradiction:
Applying Proposition 2.9 to some concrete hereditary projective cardinal functions we get Corollary 2.11. If f : X → Y is a weakly discontinuous surjective map between topological spaces, then
Because of an example of a regular space X with hd(X) < hl(X) (see [29] , [18, 3.12.7] or [27] ), Theorem 2.10 implies that the hereditary density hd is not wd-projective, which means that there exists a weakly discontinuous map f : X → Y between regular spaces such that hd(Y ) > hd(X). Under the Set Theoretic Assumption ♦ we can additionally assume that hd(X) = ℵ 0 .
Example 2.12. Under ♦ A.Ostaszewski [26] has constructed a regular space X which is uncountable, compact, scattered, and hereditarily separable. Then any bijective map f : X → D to a discrete space D is weakly discontinuous but hd(D) = |D| = |X| > ℵ 0 = hd(X). This means that the class of regular hereditarily separable spaces is not wd-projective under ♦.
On the other hand, Todorcevic [29] has constructed a model of ZFC without S-spaces, that is, regular hereditarily separable non-Lindelöf spaces. In such models the class of regular hereditarily separable spaces is wd-projective.
Remark 2.13. Assume that no S-space exists. Then for each weakly discontinuous surjective map f : X → Y from a regular hereditarily separable X the space X is hereditarily Lindelöf, and by Corollary 2.11 the image Y = f (X) is hereditarily separable. Consequently, the wdprojectivity of the class of regular hereditarily separable spaces is independent of the axioms of Set Theory.
Weak homeomorphisms
In this section we introduce weak homeomorphisms and establish their basic properties. For weak homeomorphisms we have the following result resembling the classical CantorBernstein Theorem in Set Theory. 
Proceeding by induction, we can show that X n+1 ⊂ X n and Y n+1 ⊂ Y n for all n ∈ ω. Moreover, the sets X n , n ∈ ω, are closed in X and the sets Y n , n ∈ ω, are closed in Y .
Consider the sets X ∞ = n∈ω X n and Y ∞ = n∈ω Y n and observe that f (
. By analogy with Lemma 2.2, it can be shown that bijective function h : X → Y is a weak homeomorphism. Remark 3.5. Observe that the Baire space N ω and the Cantor cube 2 ω embed into each other, but fail to be weakly homeomorphic. The reason is that weak homeomorphisms preserve the σ-compactness of hereditarily Lindelöf spaces, see Corollary 2.7. This shows that the closedness is essential in Theorem 3.3.
Next, we show that weakly homeomorphic spaces can be decomposed into unions of closed homeomorphic subspaces. Theorem 3.6. If h : X → Y is a bijective map between topological spaces, then for some set I of cardinality |I| ≤ dec(h) · dec(h −1 ) there is a cover {X i : i ∈ I} of X by closed or finite subsets and a cover {Y i : i ∈ I} of Y by closed or finite subsets such that for every i ∈ I the restriction h|X i is a homeomorphism of X i onto Y i .
Proof. By definition of the cardinal dec(h), we can find a cover {X α : α < dec(h)} of the space X by closed or finite subsets such that the restriction h|X α is continuous for each α < dec(h). By analogy, for the function h −1 : Y → X there exists a cover {Y β : β < dec(h −1 )} of the space Y by closed or finite subspaces such that the restriction h −1 |Y β is continuous for each β < dec(h −1 ). Now let I = dec(h) × dec(h −1 ) and for each i = (α, β) ∈ I let
. It can be shown that the covers {X i : i ∈ I} and {Y i : i ∈ I} have the required property. Theorem 3.6 implies the following corollary.
Corollary 3.7. Let f : X → Y be a bijective map between topological spaces X, Y and P be a κ-additive closed-hereditary topological property where κ = dec(f ) · dec(f −1 ). The space X has property P if and only if the space Y has that property.
Combining Corollary 3.7 with Proposition 2.3, we get the following two corollaries. 
) X is analytic iff so is the space Y ; (6) X is σ-compact iff so is the space Y ; (7) X is σ-Polish iff so is the space Y .
A cardinal function ϕ on the class of (regular) spaces is defined to be invariant under weak homeomorphisms if ϕ(X) = ϕ(Y ) for any two weakly homeomorphic (regular) spaces X, Y .
The following theorem characterizing such cardinal functions is a counterpart of Theorem 2.10. Proof. To prove the "if" part, assume that ϕ is topologically invariant and ϕ ≥ hl. It suffices to show that ϕ(Y ) ≤ ϕ(X) for any two weakly homeomorphic regular spaces X, Y . By Corollary 2.11, hl(Y ) ≤ hl(X). Let κ = ϕ(X) and P be the class of regular spaces Z with ϕ(Z) ≤ κ.
The closed-heredity and additivity of ϕ implies the closed-heredity and κ-additivity of the prop-
we may apply Corollary 3.8 to conclude that Y has property P and hence ϕ(Y ) ≤ κ = ϕ(X).
To prove the "only if" part, assume that a global closed-hereditary cardinal function ϕ is invariant under weak homeomorphisms. It is clear that ϕ is topologically invariant. So it remains to show that ϕ(X) ≥ hl(X) for each regular space X. Assuming the converse and repeating the argument of the proof of Theorem 2.10, we can construct a weak homeomorphism h : X → Y of X onto a regular space Y containing a closed discrete subspace D of size |D| > ϕ(X), which leads to a contradiction:
Remark 3.12. As an example of an exotic cardinal function, invariant under weak homeomorphisms between regular spaces, let us consider the cardinal function ccw(X) called the closed covering weight of X and equal to the smallest cardinal κ for which there is a cover of X by ≤ κ closed subspaces with weight ≤ κ. It is easy to see that nw(X) ≤ ccw(X) ≤ w(X) for every topological space X. Both the inequalities can be strict: ccw(X) < w(X) for any countable space X with uncountable weight.
To construct a space X with nw(X) < ccw(X), take any space Z with ℵ 0 = nw(Z) < w(Z) containing a dense countable discrete subspace D. The countable power X = Z ω is a Baire space with countable network weight. For every countable closed cover C of X the Baire Theorem gives a set C ∈ C with non-empty interior in X. Then w(C) = w(Z) > ℵ 0 , which means that ccw(X) > ℵ 0 .
By Corollary 3.10, weak homeomorphisms between perfectly paracompact spaces preserve σ-compact spaces and σ-Polish spaces. We shall show that they also preserve Polish spaces. To prove this fact, we need the following continuity property of weak homeomorphisms. Observe that Using Theorem 3.13 we shall prove that weak homeomorphisms preserve hereditarily Baire spaces. We recall that a topological space X is hereditarily Baire if each closed subspace of X is Baire. A space X is Baire if the intersection U of any countable family of open dense subsets is dense in X. Proof. To prove the "if" part, assume that Y is hereditarily Baire. To derive a contradiction, assume that X is not hereditarily Baire. Then we can find a non-empty closed subspace Z ⊂ X which is not Baire. Replacing Z by a suitable closed subspace, we can assume that every nonempty open subspace of Z is not Baire. By Theorem 2.3, the space Z contains a non-empty open subspace U such that the restriction h|U : U → h(U ) is a homeomorphism and h(U ) is open in its closure F = h(U ) in Y . Since the space Y is hereditarily Baire, the closed subspace F of Y is Baire and so is its open dense subspace h(U ) and the topological copy U of h(U ). But this contradicts the choice of Z.
Remark 3.15. In general, weak homeomorphisms do not preserve Baire spaces. It is easy to construct two metrizable separable spaces X = A ∪ B and X ′ = A ′ ∪ B ′ such that A, A ′ are homeomorphic to the space Q of rational numbers, B, B ′ are discrete spaces, A is nowhere dense in X and A ′ is open and dense in X. It is easy to see that the spaces X and X ′ are weakly homeomorphic, X is Baire but X ′ is meager.
We recall that a topological space X is Polish if it is separable and its topology is generated by a complete metric. The Baire Theorem implies that each Polish space is hereditarily Baire. The converse is true for coanalytic spaces by the classical Hurewicz Theorem 21.18 [24] . Proof. The "only if" part is trivial. To prove the "if" part, assume that X is weakly homeomorphic to a Polish space Y . By Corollary 3.10 the space X is σ-Polish and by Theorem 3.14, X is hereditarily Baire. By Hurewicz Theorem 21.18 [24] , each coanalytic hereditarily Baire space is Polish, which implies that X is Polish.
The metrizability is not preserved by weak homeomorphisms (because each scattered space is weakly homeomorphic to a discrete space). However we have a partial result for perfectly normal compact spaces. We recall that a normal space X is perfectly normal if each open subset of X is of type F σ . It is well-known (and easy to see) that a compact space is perfectly normal if and only if it is hereditarily Lindelöf. Proposition 3.17. A perfectly normal compact space X is metrizable if and only if X is weakly homeomorphic to a metrizable space.
Proof. Assume that a perfectly normal compact space X admits a weak homeomorphism h : X → Y onto a metrizable space Y . Applying Proposition 3.2, we get hl(Y ) ≤ hl(X) ≤ ℵ 0 . Then the metrizable space Y , being hereditarily Lindelöf, is separable and thus has countable network weight. Applying Proposition 3.2, we conclude that the compact space X has countable network weight and hence is metrizable according to [18, 3.1.19] .
The perfect normality in this theorem is essential since each scattered compact space is weakly homeomorphic to a discrete space. On the other hand, a metrizable space that is weakly homeomorphic to a compact spaces, need not have countable base: each discrete space is metrizable and weakly homeomorphic to its Aleksandrov compactification.
Another property preserved by scattered homeomorphisms is the C-universality. We define a space X to be (everywhere) C-universal for a class C of spaces if for every space C ∈ C (and every non-empty open subset U ⊂ X) there exists a closed embedding e : C → X (with e(C) ⊂ U ). For example, the Hilbert cube [0, 1] ω is everywhere M 0 -universal for the class M 0 of compact metrizable spaces while the Hilbert space l 2 is everywhere M 1 -universal for the class M 1 of Polish spaces (see, e.g. [10] ). Proposition 3.18. Assume that a class C of topological spaces contains a Baire perfectly paracompact everywhere C-universal space U . A perfectly paracompact space X is C-universal if and only if X is weakly homeomorphic to a C-universal space Y .
Proof. Let h : X → Y be a weak homeomorphism. Since the space Y is C-universal, it contains a closed subspace Z homeomorphic to U . Using the perfect paracompactness of X and Proposition 2.3, find a countable closed cover {X n : n ∈ ω} of X such that the restrictions h|X n are continuous for all n ∈ ω. By the same reason, the space Z has a countable closed cover {Z m : m ∈ ω} such that for every m ∈ ω the restriction h −1 |Z m is continuous. Then for every n ∈ ω the set Z n m
is closed in Z m and is homeomorphic to the closed subset h −1 (Z n m ) = (h|X n ) −1 (Z m ) of X n . Since the space Z = n,m∈ω Z n m is Baire, for some m, n ∈ ω the set Z m,n has non-empty interior in Z and hence Z n m is C-universal (because Z is everywhere C-universal). Then X is C-universal as well because it contains a closed topological copy h(Z n m ) of the C-universal space Z n m .
Detecting local topological properties preserved by weak homeomorphisms
In this section we characterize local topological properties, preserved by weak homeomorphisms.
A property P of a topological space is said to be • local if a topological space X has the property P if and only if each point x ∈ X has a neighborhood U with property P; • closed+open additive if a topological space X has the property P provided X contains an open subset U such that U and X \ U have the property P; • scattered if a topological space X has property P if and only if each non-empty closed subspace A ⊂ X contains a non-empty relatively open subset U with property P; • preserved by weak homeomorphisms if for any weak homeomorphism h : X → Y between topological spaces the space X has property P if and only if Y has P. The main result of this section is the following characterization theorem. (1) P is scattered; (2) P is local and open+closed additive; (3) P is local and is preserved by weak homeomorphisms.
Proof. We identify P with the class of topological spaces that possess the property P.
(1) ⇒ (2) Assume that the property P is scattered. To prove that P is local, assume that X has a cover U by open subsets with the property P. To show that X ∈ P it suffices to find in each non-empty closed subset F ⊂ X a non-empty open subset V ⊂ F with property P. Find an open set U ∈ U such that F ∩ U = ∅ and observe that the non-empty set V = F ∩ U is open in F , closed in U and hence has the property P as P is closed-hereditary.
To show that P is open+closed additive, assume that a topological space X contains an open set U such that U and X \ U belong to P. Since the property P is scattered, the inclusion X ∈ P will follow as soon as we prove that each non-empty closed subspace F ⊂ X contains a non-empty open subspace V with property P. If F ⊂ X \ U , then F has property P since this property is closed-hereditary. So, we assume that F ⊂ X \ U and hence the open subset V = F ∩ U is non-empty and has the property P since U ∈ P and V = F ∩ U is closed in U .
(2) ⇒ (3) Now assume that the property P is local and open+closed additive. Let f : X → Y be a weak homeomorphism between topological spaces. Assume that Y ∈ P but X / ∈ P. Let U be the family of all open subspaces of X with property P. The locality of P implies that the open set U = U has property P. Since the property P is open+closed additive, the closed set F = X \ U does not have P. In particular, F is not empty. We claim that each non-empty open set V ⊂ F does not have the property P. Assuming the converse, and taking into account that P is open+closed additive, we conclude that the open subspace U ∪ V of X has property P and hence U ∪ V ∈ U , which is not possible as U ∪ V ⊂ U . So, the closed set F nowhere has property P. By Theorem 3.13, the space F contains a non-empty open set U such that f (U ) is open in its closure f (U ) in Y and f |U : U → f (U ) is a homeomorphism. Since the property P is closed-hereditary, the closed subset f (U ) of the space Y ∈ P has property P. Since P is open-hereditary, the open subset f (U ) of f (U ) has property P. Since P is topological, the open set U ⊂ F has property P, which is a desired contradiction showing that X ∈ P.
(3) ⇒ (1) Assume that the closed-hereditary property P is local and is preserved by weak homeomorphisms. To show that P is scattered, we should check that a topological space X has property P provided each non-empty closed subspace A ⊂ X contains a non-empty open subspace U ⊂ A with P. Using the latter property of X and the locality of P, we may construct a transfinite sequence (X α ) α≤λ of closed subsets of X such that X 0 = X, X λ = ∅, X β = α<β X α for any limit ordinal β ≤ λ and for every ordinal α < λ the set X α \ X α+1 is dense in X α and has property P. The locality of P implies that the topological sum Y = α<β X α \ X α+1 also has property P. Observe that the "identity" map i : Y → X is continuous while its inverse i −1 : X → Y is weakly discontinuous. Since P is preserved by weak homeomorphisms, the space X belongs to P, being weakly homeomorphic to the space Y ∈ P.
Each property P of topological spaces induces a scattered property called the P-scatteredness. Namely, we say that a regular space X is P-scattered if each closed non-empty subspace A ⊂ X contains a non-empty relatively open subspace U ⊂ A with property P, see [17] .
Let us note the scatteredness is just P-scatteredness for the property P of being a singleton. The P-scatteredness can be characterized as follows. (1) X is P-scattered; (2) X is weakly homeomorphic to a (regular) P-scattered space Y ; (3) there is a bijective continuous map h : Y → X from a (regular) space Y possessing the property P whose inverse h −1 is weakly discontinuous.
Proof. It suffices to prove the implications (1) ⇒ (3) ⇒ (2) ⇒ (1). The proof (1) ⇒ (3) repeats the proof of the implication (3) ⇒ (1) of Theorem 4.1, (3) ⇒ (2) is trivial, and (2) ⇒ (1) follows from Theorem 4.1 (applied to the property of being a P-scattered space).
If P is the class of locally compact spaces, then the P-scatteredness is referred to as kscatteredness. More precisely, a regular space X is called k-scattered if each non-empty closed subspace A ⊂ X contains a compact subspace K ⊂ A with non-empty interior in A, see [17] .
Corollary 4.3. For a (regular) topological space X the following conditions are equivalent:
(1) X is k-scattered; (2) X is weakly homeomorphic to a (regular) k-scattered space Y ; (3) there is a bijective continuous map h : Y → X from a (regular) locally compact space Y whose inverse h −1 is weakly discontinuous; (4) X is weakly homeomorphic to a compact (Hausdorff ) space;
Proof. The equivalence of the first three conditions follows from Theorem 4.2 while (4) ⇒ (2) is trivial. The proof will be complete if we prove the implication (3) ⇒ (4).
Assume that h : X → Y is a weak homeomorphism of X onto a locally compact (regular) space Y . Finally we shall prove a useful decomposition lemma, which will be used in the proof of the classification Theorem 5.4.
Lemma 4.4. Let P n , n ∈ N, be local topological properties. Every (metrizable) topological space X is weakly homeomorphic to the topological sum n∈ω X n of spaces such that
• for every n ∈ N the space X n has property P n (and is metrizable);
• the space X 0 is homeomorphic to a closed subset of X and every non-empty subset U ⊂ X has properties P n for no n ∈ ω.
Proof. It is well-known that every ordinal α can be uniquely written as α = β + n where β is a limit ordinal and n ∈ ω is finite. The number n will be called the integer part of α and will be denoted by ⌊α⌋. An ordinal α is called odd (resp. even) if its integer part ⌊α⌋ is odd (resp. even). Observe that each odd ordinal is not limit. For an ordinal α with positive integer part by α − 1 we denote the unique ordinal such that α = (α − 1) + 1. Let X be a topological space. For every n ∈ N and every subspace A ⊂ X let U n (A) be the union of all open subsets U ⊂ A that have the property P n . Since the class P n is local, the space U n (A) belongs to P n .
Let Z 0 = X and for every ordinal α define a closed subset Z α of X by the recursive formula
Since (Z α ) α is a decreasing sequence of closed subsets of X, there is a limit ordinal λ such that Z λ+n = Z λ for all n ∈ N, which means that U n (Z λ ) = ∅ for all n ∈ ω and hence no non-empty open set of Z λ has a property P n for some n ∈ ω. It is clear that X = Z λ ∪ α<λ Z α \ Z α+1 and X is weakly homeomorphic to the topological sum Z λ ⊕ α<λ Z α \ Z α+1 .
Put X 0 = Z λ and for every n ∈ N let
The locality of the class P n guarantees that X n ∈ P n . It is clear that the topological sum n∈ω X n is equal to the topological sum Z λ ⊕ α<κ Z α \ Z α+1 . So, X is weakly homeomorphic to n∈ω X n .
(1) uncountable if and only if X contains a subspace homeomorphic to 2 ω ; (2) not Polish if and only if X contains a closed subspace homeomorphic to Q; (3) not σ-compact if and only if X contains a closed subspace homeomorphic to N ω .
The following classification theorem is the main result of this section.
Theorem 5.4. Let X be an infinite zero-dimensional metrizable space.
(1) If X is Polish, then X is weakly homeomorphic to one of 3 spaces: ω, 2 ω , N ω .
(2) If X is σ-compact, then X is weakly homeomorphic to one of 5 spaces:
If X is σ-Polish, then X is weakly homeomorphic to one of 9 spaces: ω,
Proof. 1. First we assume that the space X is Polish. This case has three subcases. 1.1. The space X is countable. Then each closed subspace of X, being Polish and countable, has an isolated point, which implies that X is scattered and hence is weakly homeomorphic to the discrete space |X| = ω.
1.2. The space X is uncountable and σ-compact. In this case we shall prove that X is kscattered. Write X as the countable union X = n∈ω K n of compact subsets. Given a non-empty closed subset A ⊂ X we can apply the Baire Theorem and find n ∈ ω such that the compact set K = A ∩ K n has non-empty interior in A, witnessing that X is k-scattered. By Corollary 4.3, the k-scattered space X is weakly homeomorphic to an uncountable compact Hausdorff space K. By Corollary 2.11, the compact space K has network weight nw(K) ≤ nw(X) ≤ ω and hence is metrizable. By Corollary 3.10, the compact metrizable space K is zero-dimensional and hence is homeomorphic to a closed subset of the Cantor cube 2 ω by Proposition 5.2(1). On the other hand, by Proposition 5.3(2), the uncountable compact metrizable space K contains a closed subset homeomorphic to 2 ω . Now we can apply Theorem 3.3 and conclude that the space K is weakly homeomorphic to the Cantor cube 2 ω .
1.3. The space X is not σ-compact. In this case we shall prove that X is weakly homeomorphic to the Baire space N ω . By Propositions 5.2(3) and 5.3(3), X is homeomorphic to a closed subset of N ω and contains a closed subspace homeomorphic to N ω . By Theorem 3.3, the spaces X and N ω are weakly homeomorphic.
2. Next assume that the space X is σ-compact. If X is Polish, then X is homeomorphic to ω or 2 ω by the items 1.1 and 1.2. So, we assume that the space X is not Polish. Three subcases are possible.
2.1. The space X is countable. Let U be the union of all Polish open subspaces in X. It can be shown that the space U is Polish and hence its complement Z = X \ U is non-empty and nowhere Polish. In particular, Z has no isolated points. By Proposition 5.1(1), the countable space Z is homeomorphic to Q, which implies that X contains a closed subspace homeomorphic to Q. On the other hand, Proposition 5.2(1) guarantees that X is homeomorphic to a closed subspace of Q. By Theorem 3.3, the spaces X and Q are weakly homeomorphic.
2.2. The space X is contains a closed subspace homeomorphic to Q × 2 ω . By Proposition 5.2(4), the space X is homeomorphic to a closed subspace of Q × 2 ω . By Theorem 3.3, the spaces X and Q × 2 ω are weakly homeomorphic.
2.3. The space X contains no closed copies of the space Q×2 ω . In this case we shall show that X is weakly homeomorphic to Q ⊕ 2 ω . By the decomposition Lemma 4.4, the space X is weakly homeomorphic to the topological sum C ⊕ P ⊕ Z where C is a metrizable locally countable space, P is a metrizable locally Polish space and Z is a closed subspace of X such that every non-empty subset of Z is not countable and not Polish. If Z = ∅, then by Proposition 5.1(4), Z is homeomorphic to Q × 2 ω and hence X contains a closed copy of Q × 2 ω , which contradicts our assumption. Therefore, Z = ∅ and X is weakly homeomorphic to the direct sum C ⊕ P of a locally countable and locally Polish spaces. By Corollary 2.11, hl(C ⊕ P ) ≤ ω · hl(X) ≤ ω, which implies that the spaces C, P are Lindelöf and hence C is countable and P is Polish. By Corollary 3.10, the space C ⊕ P is σ-compact, which implies that the Polish space P is σ-compact.
By Corollary 3.16, the space C ⊕ P is not Polish and hence the countable space C is not Polish. By the case 2.1, the countable non-Polish space C is weakly homeomorphic to Q. Since the space X is uncountable and weakly homeomorphic to C ⊕ P , the Polish σ-compact space P is uncountable and hence is weakly homeomorphic to 2 ω by the case 1.2. Consequently, the topological sum C ⊕ P is weakly homeomorphic to Q ⊕ 2 ω . By Lemma 2.1, the space X is weakly homeomorphic to Q ⊕ 2 ω .
3. Finally assume that the space X is σ-Polish. If X is Polish or σ-compact, then by the preceding cases, X is weakly homeomorphic to one of 6 spaces: ω, 2 ω , N ω , Q, Q × 2 ω , Q ⊕ 2 ω . So, we assume that X is neither Polish nor σ-compact. Two subcases are possible.
3.1. The space X contains a closed subspace homeomorphic to Q×N ω . By Proposition 5.2(5), X is homeomorphic to a closed subspace of Q×N ω and by Theorem 3.3 the spaces X and Q×N ω are weakly homeomorphic.
3.2. The space X contains no closed subspaces homeomorphic to Q × N ω . By the decomposition Lemma 4.4, the space X is weakly homeomorphic to the topological sum S ⊕ P ⊕ Z where S is a metrizable locally σ-compact space, P is a metrizable locally Polish space and Z is a closed subspace of X such that every non-empty subset of Z is not σ-compact and not Polish. If Z = ∅, then by Proposition 5.1(5), Z is homeomorphic to Q × N ω which contradicts our assumption. So, Z = ∅ and hence X is weakly homeomorphic to S ⊕ P . By Corollary 3.10(2), the space S ⊕ P is Lindelöf. Consequently, the locally σ-compact Lindelöf space S is σ-compact and the locally Polish Lindelöf space P is Polish. By Corollary 3.10(4), the space S ⊕ P is zero-dimensional. By Corollaries 3.10(6) and 3.16, the space S ⊕P is not σ-compact and not Polish. Consequently, the σ-compact space S is not Polish and the Polish space P is not σ-compact. By the case 1.3, the Polish zero-dimensional space P is weakly homeomorphic to N ω and by case 2, the σ-compact non-Polish space S is weakly homeomorphic to Q, Q ⊕ 2 ω or Q × 2 ω . Then the space S ⊕ P is weakly homeomorphic to Q ⊕ N ω , Q ⊕ 2 ω ⊕ N ω or (Q × 2 ω ) ⊕ N ω . By Theorem 3.3, the space Q ⊕ 2 ω ⊕ N ω is weakly homeomorphic to Q ⊕ N ω . Consequently, X is weakly homeomorphic to Q ⊕ N ω or (Q × 2 ω ) ⊕ N ω .
